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Abstract—Thermodynamic optimisation of energy systems is essential in reducing the environmental impact of energy utilisation.
Yet, the refrigerators commonly used for this purpose have improvable efficiency levels. Their performance, as shown by the literature,
is highly influenced by the size of the heat exchangers and by internal irreversibilities. In this paper the maximum coefficient
of performance (COP) is obtained for an irreversible inverse Rankine cycle refrigerator working with the environmentally friendly
fluid R134a. This is a steady-state refrigerator working as an open system which consumes external work, subtracts heat from a cold
fluid stream at an inlet fixed temperature and assigns it to a higher fixed inlet temperature stream. Heat transfer irreversibilities in the
shell-and-tube heat exchangers and external friction losses in the water streams are considered, ignoring only the internal pressure
drop of vapor. A simulation program was developed to search the maximum COP at given external fluid temperatures, as a function
of mass flows, dimensions and temperature differences in the heat exchangers. Owing to the large number of control variables
involved, a numerical optimisation method was used to determine the maximum COP. The proposed method is fast, producing
the maximum with acceptable approximation. It provides the refrigerating fluid evaporating and condensing pressures, the heat
exchanger dimensions, and the water flow rates for a given cooling power with predefined inlet temperatures of cold and hot water
streams. The heat exchanger area closely conditions the COP, so each maximum represents the optimum thermodynamic working
conditions for a given area of the heat exchangers.  2001 Éditions scientifiques et médicales Elsevier SAS

irreversible cycle / refrigerator / optimisation / heat exchange irreversibilities / heat exchanger design / open system /
steady-state

Nomenclature

A heat exchanger area . . . . . . . . . . m2

At total heat exchanger area . . . . . . . m2

C capacity rate . . . . . . . . . . . . . . W·K−1

cp specific heat . . . . . . . . . . . . . . J·kg−1 ·K−1

COP coefficient of performance
D diameter . . . . . . . . . . . . . . . . m
f friction factor
g gravity factor . . . . . . . . . . . . . m·s−2

h specific enthalpy . . . . . . . . . . . J·kg−1

or heat exchanger coefficient . . . . . W·m−2 ·K−1

K heat exchange over temperature
difference . . . . . . . . . . . . . . . W·K−1

k thermal conductivity . . . . . . . . . W·m−1 ·K−1

L length . . . . . . . . . . . . . . . . . m
ṁ mass flow . . . . . . . . . . . . . . . kg·s−1

* Correspondence and reprints.
E-mail address: ggrazzini@ing.unifi.it (G. Grazzini).

Nu Nusselt number
n number of tubes
Pr Prandtl number
p pressure . . . . . . . . . . . . . . . . Pa
Q thermal power . . . . . . . . . . . . . W
Re Reynolds number

r latent heat . . . . . . . . . . . . . . . J·kg−1

s specific entropy . . . . . . . . . . . . J·K−1 ·kg−1

T temperature . . . . . . . . . . . . . . K

U global heat exchange coefficient . . . W·m−2 ·K−1

v specific volume
W power . . . . . . . . . . . . . . . . . W

Greek symbols

β = Kh/Kc
�Tml logarithmic mean temperature

difference = [�Ti −�To]/ ln(�Ti/�To)

ε roughness . . . . . . . . . . . . . . . m
or Kays’ efficiency

η = COP/COPC

µ dynamic viscosity . . . . . . . . . . . N·s·m−2
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ρ density . . . . . . . . . . . . . . . . . kg·m−3

Subscripts

C Carnot
c relative to lower T

d relative to condensation
e boiling
f refrigerator
h relative to higher T

i inlet
j general
l liquid
max related to a maximum
n net
o outlet
over overheating
r rank
sat saturation
sub subcooling
v vapor
w wall

1. INTRODUCTION

The literature contains numerous examples of irre-
versible thermodynamic analyses of refrigerators with
endoreversible cycles [1, 2] as well as special methods
for examining irreversible cycles [3–5]. The cycle is often
examined with the internal transformation included [6–
10]. However, the heat exchangers are often considered in
a simplified fashion, assuming constant parameters. Chua
et al. [11] criticise the models proposed by the so called
“finite time thermodynamic” because they hardly corre-
spond to a real solution for commercial machines. Then
they propose a new model [12] using Kays’ efficiency for
the heat exchangers. Papers and models rarely consider
the optimum search, considering the thermal parameters
and the heat exchanger friction losses. Among the numer-
ical studies aiming at system optimisation, it is not clearly
shown how the components are modelled from the phe-
nomenological standpoint [13, 14].

In this paper, a simulation program was developed to
search the maximum COP for a reverse cycle with in-
ternal and external irreversibilities, with the main goal of
studying the influence of heat exchanger design. A simple
cycle was considered with an environmentally friendly
working fluid, R134a. Shell and tube heat exchangers
were chosen in this initial study, to consider constant
pressure heat exchange for R134a and a simple corre-
lation was used to simulate the compressor. A numeri-

cal method was used to determine the optimum value for
8 different parameters giving the maximum COP.

2. STEADY-STATE BALANCES

Let us consider a steady-state refrigerator working
between two fluids as an open system. The system, which
consumes external power, subtracts heat from a cold fluid
stream at inlet temperature Tci, and assigns the heat to
a higher temperature stream with inlet temperature Thi
(figure 1).

We shall ignore the kinetic energy variations and the
gravitational potential. When po is equal to pi the first
law states: ∑

j

Wj = ṁc�hc + ṁh�hh (1)

This can be modified for flowing fluids, assuming ideal
liquids or gas:

∑
j

Wj = Qc − Qh (2)

Considering the subsystem where the refrigerating fluid
runs the cycle, we can write:

Wf = −Qh + Qc (3)

where Qh and Qc represent the heat being exchanged. At
the same time, power is required in the heat exchangers

Figure 1. Scheme of the open system considered for equa-
tion (1).
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Figure 2. T –s diagram of the irreversible cycle and scheme of
the temperature source changes.

to move the fluids against the friction forces. This power
can be calculated by

Wh = ṁhvh�ph
(4)

Wc = ṁcvc�pc

where �ph and �pc represent the pressure losses and
always have a negative sign.

The COP, defined as the ratio between the net energy
taken from the cold fluid and the total work required,
gives the effectiveness of the system. Expressing the net
energy exchanged by the cooled fluid as

Qcn = −Qc − Wc = −Qc − ṁvc�pc (5)

we obtain

COP = Qcn∑
j Wj

= −Qc − ṁcvc�pc

Qc − Qh − ṁhvh�ph − ṁcvc�pc
(6)

Considering our objective as the value of Qcn, we need
only calculate Qh, Wc, and Wh to evaluate the COP.

3. THE PHYSICAL MODEL

We considered the R134a as working fluid in a simple
compression cycle (figure 2) with output temperatures
from condenser and evaporator:

Tfho = Tfh − �Tsub
(7)

Tfco = Tfc + �Tover

where �Tsub and �Tover represent subcooling and over-
heating. Due to the low values assigned to these variables,
no particular section of heat exchangers was considered.

From phase change temperatures Tfh and Tfc, the
enthalpy difference is evaluated and the mass flow needed
to derive heat Qc assuming isenthalpic throttling:

ṁ134a = Qc

hfco − hfho
(8)

The refrigerating fluid inlet temperature in the hot heat
exchanger Tfhi is evaluated from the evaporator outlet
temperature Tfco considering an isentropic compression
modified by an isentropic efficiency calculated as a
function of the pressure ratio and derived from literature
data [15] (see appendix).

Power Qh given to the high-temperature fluid is

Qh = ṁ134a(hfho − hfhi) (9)

The thermodynamic properties of the R134a working
fluid were evaluated using REFPROP 5.0 [16].

The thermophysical characteristics of the water were
derived from average temperatures with the polynomials
obtained from Raznjevic [17]:

ρ = 2.6896 − 7.1084·10−3T + 7.4569·10−6T 2

− 2.6636·10−9T 3

µ = (
3.9416 + 0.0521T − 1.6449·10−5T 2

(10)+ 2.7827·10−9T 3)·10−6

k = 1.898·10−3 + 8.9614·10−5T − 3.73188·10−8T 2

+ 9.9215·10−12T 3

Starting from defined water inlet temperatures Tci and Thi,
plus cooling load Qc, the COP is related to the 8 vari-
ables:

Tfh, Tfc, ṁh, ṁc, Dh, Dc, nh, nc (11)

where D and n are the diameter and the number of water
tubes in the heat exchangers. The COP can be determined
with conditions:

Tfho � Thi; Tfh � Tho
(12)

Tci � Tfco; Tco � Tfci

The second condition is due to the pinch-point in the
hot heat exchanger. Friction losses in the working fluid
were considered negligible because of the shell and tube
type of heat exchangers chosen, with water flowing in
horizontal parallel tubes.
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4. DEFINING HEAT EXCHANGER
DIMENSIONS

Starting from fixed values of variables (11) forced
convection heat exchange factor hl for water side can be
calculated by the Petukhov relation [18]:

Nu = (Re − 1 000)Prz

1 + 12.7(Pr2/3 − 1)z1/2
(13)

with z = 0.5/(1.58 lnRe − 3.28)2. This equation is valid
for 2 300 < Re < 5·106. In the laminar field we assumed
Nu = 3.66, considering fully developed condition.

Since the evaporator was considered to be flowed, the
mean boiling heat transfer factor is evaluated by [19]

he = 0.62

[
k3

vgρv(ρl − ρv)r
′

µv(Tw − Tsat)D

]1/4

(14)

with

r ′ = r + 0.40cpv(Tw − Tsat)

Wall temperature Tw is calculated by an energy balance,
with Qe known.

Neglecting thermal resistance due to thermal con-
duction in the tube, global heat exchange factor U =
1/(1/he + 1/hl) can be calculated and, from the classi-
cal relation using the logarithmic mean temperature dif-
ference

Q = UA�Tml (15)

the heat exchanger area A, with unknown temperatures
evaluated by energy balances.

In a similar way we can calculate the condenser area
using equation (13) for water side heat exchange and
the mean condensing heat exchange factor evaluated
from [19]

hd = 0.728kl

nrD

[
g(ρl − ρv)(nrD)3r

klνl(Tsat − Tw)

]1/4

(16)

In this case we impose first rank cooling of vapor to the
saturation line. By knowledge of inlet and condensing
temperatures, it is possible to evaluate the cooling load
and using the heat transfer coefficient vapor side in this
rank from [20]

Nu = 0.33Re0.6Pr1/3 (17)

the number of tubes and the distance between them can
be calculated for the first rank of the condenser.

As a result of the heat exchanger design it is possi-
ble to calculate the two lengths Lc and Lh, then the pres-
sure losses using the explicit Moody relation, which Haa-
land [21] proposed again for the friction factor:

f = 0.0055

[
1 +

(
2·104 ε

D
+ 106

Re

)1/3]
(18)

Then the COP is evaluated using equation (6).

5. APPLICATION OF A DIRECT SEARCH
METHOD TO FIND THE MAXIMUM
COP

Direct search methods must be used when the gradient
of the objective function is a complex vector of the design
variables, which appreciably complicate the analytical
expression. The procedure we used, the well-known
complex method proposed by Box et al. [22], begins by
randomly and sequentially generating a set of trial points
in the space of the independent variables and evaluating
the function at each vertex. Each newly generated point
is tested for feasibility, and, if found unfeasible, is moved
back toward the centroid of the previously generated
points until it becomes feasible. The search continues in
this way until the pattern of points has shrunk, so that the
points are sufficiently close together and/or the difference
between the function values at the points becomes small
enough.

As the random nature of this method gives rise to
the possibility of a premature collapse of the cloud of
points, we performed a sampling of trials from different
starting conditions, estimating points reliability on their
coefficient of variation.

6. RESULTS AND DISCUSSION

Considering a cooling power of 50 kW, there were
never less then 7 different trials, and they gave a good
agreement in COP maximum values for a given set
of ranges of the 8 variables (see (11)). Varying the
amplitude of the ranges, different values of COP were
obtained with 6 variables always well inside the ranges
and the numbers of tubes at the extreme maximum
values. When increasing the ranges for the tube numbers,
the COPs increase. This means the maxima obtained
are strictly conditioned by the heat exchanger area. The
results are shown in figure 3 with COP versus the total
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Figure 3. COP versus total area of heat exchangers at various
inlet temperatures of external fluids Tci − Thi. Logarithmic
correlations include also data out of the diagram.

area of heat exchangers. The water inlet temperatures
were also changed, obtaining curves with the same
trend. It is easy to see that the increasing values of
COP have different asymptotic limits when changing
the temperature difference between external fluids. The
initial growth of COP is very high and is a function
mainly of the heat exchanger area. Let us also consider
the fact that equation (6) includes energy to overcome
pressure losses: thermodynamic efficiency η, obtained
as the ratio of COP over COPC, ranges from 0.15
to 0.49. The Carnot efficiency COPC is evaluated using
inlet water temperatures and is 8.49, when Tci = 280.15
and Thi = 313.15.

For a given total surface of heat exchangers, the evap-
orator and the condenser have different characteristics.
Figures 4 and 5 show the different decreases of logarith-
mic mean temperature differences, from equation (15), at
increasing COP.

The different designs required by the evaporator and
condenser are also visible from figures 6 and 7, where
the UA product is plotted versus COP. The scattering
of points is due to the number of trials. The ratio
between the hot and cold values is lower than one against
the expectation due to theory [23]. This theory was

Figure 4. �Tml calculated from equation (15) versus COP at
Tci = 280 K and Thi = 313 K.

Figure 5. �Tml from equation (15), ratio of hot over cold side
versus COP at Tci = 280 K and Thi = 313 K.

developed for constant temperatures of heat exchange,
when considering a limiting value to the sum of cold and
hot UA, because of limited resources.

Considering Kays’ efficiency [24]:

ε = Q

Cmin(Tmax − Tmin)
(19)

where Cmin is the capacity rate of water, because we
are still considering heat exchanged to a phase changing
fluid, then Q can be expressed as

Qh = Kh(Tfhi − Thi) (20)

Qc = Kc(Tci − Tfci) (21)

Figure 7 shows as the ratio:

β = Kh

Kc
(22)
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Figure 6. Hot and cold values of UA from equation (15)
versus COP; Tci = 280 K; Thi = 313 K.

Figure 7. Ratio between hot and cold UA from equation (15)
and β from equation (22) versus COP; Tci = 280 K; Thi = 310 K.

is a decreasing function of COP, consistent with other
heat exchange thermal parameters. In other words, a
growing COP requires lower and lower thermal re-
sistances, i.e. irreversibilities, particularly at the cold
side.

We can say the same from figure 8, showing the effi-
ciency decrease versus COP, with higher efficiency at the
evaporator. These results disagree with theory [4, 7]. We
believe the reason for this difference is the constant tem-
perature considered in theory for sources. Different sizes
for heat exchangers are shown in the literature when con-
sidering temperatures variations [12, 25]. Figure 3 shows

Figure 8. Kays efficiencies, equation (19), as a function of COP;
Tci = 280 K; Thi = 310 K.

there is not a maximum for COP without limits to the
heat exchanger area. So we searched for an optimum for
COP/At function, the maximum COP with minimum di-
mensioning. Table I shows the results obtained searching
those two optima with given input data. The results refer
to seven trials. It is easy to see the dispersion of data re-
ferring to water mass flow and dimensions, with a quite
constant COP.

7. CONCLUSIONS

The software described permits fast thermodynamic
optimisation of the proposed simple cycle. Results are
in agreement with those presented in the literature and
confirm the importance of the heat exchangers when
high efficiency is required. The temperature differences
between fluids were smaller than those predicted by an
earlier isothermal model [5], probably because of the
irreversibilities due to friction factors.

The particular kind of heat exchanger chosen because
it favours avoidance of internal pressure losses may, as a
consequence, augment the surface of heat exchange, due
to the fact that the external irreversibilities in water influ-
ence the thermodynamic value of the reversed cycle less.
Anyway, the cold section is overdimensioned in compar-
ison to the hot one, because the entropy variation due to
the thermal irreversibilities is higher when temperature is
lower.

It is very important to consider that the maximum
COP is obtained with UAc > UAh. The evaporator
requires better efficiency and lower logarithmic mean
temperature difference.

Moreover, the greater COP corresponds to lower heat
exchanger efficiency. In other words, the best working
conditions of the system are different from those corre-
sponding to component optimisation, because phenom-
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TABLE I
Example of results showing data dispersion. The maxima refer to each trial.

Input data Tci Thi �Tover �Tsub Qc (kW)
280.15 313.15 2 3 50

Variable ranges Tfc Tfh ṁc ṁh Dc Dh nc nh

min 250.15 313.15 1 1 0.002 0.002 50 50
max 280.15 363.15 20 25 0.05 0.05 300 300

Max COP
ṁc ṁh Dc Dh nc nh Lc Lh Ac Ah Qh COP

1 11.53 15.64 0.027 0.040 195 214 24.04 9.51 395.40 252.30 62.28 4.07
2 13.47 18.30 0.027 0.047 146 237 24.40 6.40 298.70 223.80 62.53 3.95
3 8.79 11.12 0.018 0.042 194 198 99.06 7.59 1093.90 199.30 62.13 4.07
4 13.85 12.48 0.028 0.024 221 214 17.10 11.55 329.00 185.40 62.34 4.04
5 11.81 10.24 0.037 0.028 137 196 80.29 5.67 1261.70 96.60 62.49 3.99
6 14.08 14.33 0.043 0.017 145 179 106.21 6.99 2081.60 68.00 62.27 4.03
7 11.20 8.02 0.036 0.037 127 150 91.09 7.18 1303.90 123.80 62.55 3.97

Kh Kc UAh UAc �Tmlh �Tmlc ṁ134a �ph �pc Reh Rec

1 3.44 17.04 17.46 36.72 3.57 1.36 0.321 0.003 0.010 3 709 1 917
2 3.37 15.19 12.96 27.91 4.83 1.79 0.323 0.001 0.101 3 285 3 014
3 3.39 23.72 12.87 150.43 4.83 0.33 0.321 0.001 0.113 2 673 2 165
4 3.45 15.71 21.21 29.60 2.94 1.69 0.321 0.019 0.007 4 902 1 973
5 3.23 22.53 9.52 86.16 6.56 0.58 0.324 0.003 0.020 3 799 2 056
6 3.31 24.09 10.73 120.66 5.80 0.41 0.322 0.121 0.017 9 278 1 969
7 3.19 22.63 9.24 90.61 6.77 0.55 0.325 0.001 0.026 2 952 2 138

Max COP/At
ṁc ṁh Dc Dh nc nh Lc Lh Ac Ah Qh COP

1 8.07 1.55 0.004 0.002 296 171 0.88 2.64 2.80 2.90 86.09 1.17
2 1.78 15.09 0.002 0.007 288 189 1.63 2.26 3.20 8.90 75.11 1.72
3 3.92 1.37 0.003 0.003 292 103 1.74 5.13 4.40 4.60 73.23 1.68
4 1.15 2.01 0.002 0.002 191 299 3.15 1.45 3.80 2.80 77.07 1.75
5 1.64 1.69 0.002 0.002 224 210 2.39 2.20 3.70 2.90 75.86 1.67
6 2.01 15.98 0.002 0.004 288 297 1.44 1.07 2.80 4.30 83.34 1.26
7 1.52 12.33 0.002 0.004 263 291 1.69 1.13 2.80 4.00 82.58 1.35

Kh Kc UAh UAc �Tmlh �Tmlc ṁ134a �ph �pc Reh Rec

1 1.59 1.88 3.73 2.02 23.06 24.81 0.407 2.901 2.028 9 865 6 805
2 1.99 2.73 3.63 3.61 20.68 13.84 0.384 3.623 0.182 24 219 2 276
3 2.03 3.29 4.47 3.95 16.38 12.67 0.381 3.705 1.753 10 600 4 132
4 1.83 2.85 3.53 4.60 21.85 10.86 0.397 0.701 0.473 7 070 2 268
5 1.89 2.96 3.80 4.13 19.96 12.10 0.392 1.858 1.416 8 699 2 673
6 1.60 2.54 2.66 3.19 31.33 15.66 0.423 4.706 0.834 25 281 2 662
7 1.63 2.53 2.74 3.41 30.16 14.66 0.419 3.929 0.233 21 846 2 278

ena involved in the cycle are not linear. Then we have to
model the complete systems to find an optimum.

The optimum itself is variable as a function of external
parameters, not only of those of the cycles, and we
actually have to search for a compromise.

The reduction of heat exchange irreversibilities is con-
firmed as a powerful method for increasing the efficiency
of the inverse cycles.
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APPENDIX

The relation showing compressor isentropic efficiency
ie as a function of pressure ratio pr = ph/pc:

ie = g1 + pr
{
g2 + pr

[
g3 + pr(g4 + prg5)

]}
with

g1 = 0.493812291079678

g2 = 9.49097844311382·10−2

g3 = −1.37579085197785·10−2

g4 = 6.54918082918954·10−4

g5 = −1.14009112551078·10−5

is derived from literature data [15] for reciprocating,
rotary vane and twin screw compressors and gives values
ranging from 0.30 to 0.65 for a pressure ratio in the
range 20 to 2.
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